Abstract. For a pair (E, P ) of an elliptic curve E/Q and a nontorsion point P ∈ E(Q), the sequence of elliptic Fermat numbers is defined by taking quotients of terms in the corresponding elliptic divisibility sequence (D n ) n∈N with index powers of two, i.e.
where gcd(A n , D n ) = gcd(B n , D n ) = 1. An EDS is minimal if the Weierstrass equation of E/Q is minimal and reduced. Also, an EDS is normalized if D 1 = 1.
In this paper, we always assume D 1 = 1. Much of our work revolves around elliptic Fermat numbers, analogues of the classical Fermat numbers (F n = 2 2 n + 1, n ≥ 0) defined by S. Binegar, R. Dominick, M. Kenney, J. Rouse, and A. Walsh in [1] . In the original version of the paper, they define elliptic Fermat numbers as follows: Definition 1.2. Let D = (D n ) n∈N be an EDS. Define the sequence of elliptic Fermat numbers (EFN) {F k (E, P )} k≥1 as follows:
Note that in the final version of the paper includes slightly different definition of elliptic Fermat numbers, on the other hand, it does not have much effect on our proof too much, which uses the original definition. In [1, Theorem 9], they list a certain set of conditions which force F k (E, P ) to be composite for all k ≥ 1: Theorem 1.3 (BDKRW). For an elliptic curve E : y 2 = x 3 + ax 2 + bx + c, assume the following:
(i) E(Q) = P, T , where P has infinite order and T is a rational point of order 2.
(ii) E has an egg.
(iii) T is on the egg. (ix) The equations x 4 + ax 2 y 2 + by 4 = ±1 has no integer solutions where y ∈ {0, ±1}. Then F k (E, P ) is composite for all k ≥ 1.
In the same vein, we prove the non-primality of a sequence of elliptic Fermat numbers which is defined by magnified elliptic divisibility sequences. First, we recall the definition of magnified elliptic divisibility sequences. Definition 1.4. Let E/Q and E ′ /Q be two elliptic curves. We say a rational point P ∈ E(Q) is magnified if P = φ(P ′ ) for some (nonzero) isogeny φ : E ′ → E over Q and some
is magnified if D is a minimal EDS associated to some magnified point on an elliptic curve over Q. We call a sequence of elliptic Fermat numbers {F k (E, P )} k≥1 magnified if it is defined by using a magnified EDS.
In Section 3, we prove the following non-primality result of the sequence of magnified elliptic Fermat numbers. Theorem 1.5. Let E/Q be a minimal magnified elliptic curve with a fixed point P ∈ E(Q) having a (nonzero) odd-degree isogeny φ : E ′ → E from a minimal elliptic curve E ′ /Q satisfying φ(P ′ ) = P . Then the terms F k (E, P ) are composite for sufficiently large k.
In section 4, we consider a generalization of elliptic Fermat numbers. Generalized classical Fermat numbers have the form a 2 n + b 2 n for some relatively prime integers a and b. It is natural to consider a similar generalization of elliptic Fermat numbers: Definition 1.6. Let D = (D n ) n∈N be an EDS, and let m ≥ 1 be an integer. We define the sequence of generalized elliptic Fermat numbers {F k (m) (E, P )} as follows:
Note that Definition 1.2 is the special case where m = 2. In [1, Theorem 3, Theorem 4], they prove the following theorems about elliptic Fermat numbers:
Theorem 1.8 (BDKRW). Let ∆(E) be the discriminant of E and suppose that N is a positive integer with gcd(N, 6∆(E)) = 1. Then P has order 2 k in E(Z/NZ) if and only if
For generalized elliptic Fermat numbers generated by odd m, we prove slightly weakened generalizations of these properties, namely:
k (E, P )) k∈N be the sequence of generalized elliptic Fermat numbers for a fixed elliptic curve E, a rational point P ∈ E(Q) and an odd integer
k ) k∈N be the sequence of generalized elliptic Fermat numbers for a fixed elliptic curve E, a rational point P ∈ E(Q) and an odd integer m ≥ 1. Then for all N ∈ N satisfying gcd(N, 6∆(E)) = 1,
We also have an analogous non-primality result for generalized elliptic Fermat numbers.
Theorem 1.11. Let E/Q be a minimal magnified elliptic curve with a fixed point P ∈ E(Q) having a (nonzero) degree d isogeny φ :
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Non-primality Conjecture for Elliptic Fermat Numbers
Everest, Miller, and Stephens [2] proved the following conjecture for magnified elliptic divisibility sequences. Note that for the Fibonacci sequence, it is conjectured that primes occur infinitely many times. In this section, we will prove the following conjecture for magnified elliptic Fermat numbers.
Conjecture 2.2 (Primality Conjecture for elliptic Fermat numbers).
Let F = (F n ) n∈N be the sequence of elliptic Fermat numbers for a fixed elliptic curve E and a rational point P ∈ E(Q). Then F contains only finitely many prime terms.
First, we need the following result from [1] :
Using the above corollary, we can prove the following result.
Lemma 2.4. Let E/Q be a minimal magnified elliptic curve with a fixed point P ∈ E(Q) having a (nonzero) odd-degree d isogeny φ : E ′ → E from a minimal elliptic curve E ′ /Q satisfying φ(P ′ ) = P . For sufficiently large k, we have
Proof. Let p be a fixed prime which divides F k (E ′ , P ′ ). Let S be the set of primes for which E, E ′ , and φ cannot give an isogeny modulo p. Note that S is a finite set. Without loss of generality, we can assume p / ∈ S. From Corollary 2.3, it is sufficient to prove that the isogeny φ reduction modulo p (which is again an isogeny) preserves the order 2
We consider the dual isogenyφ of φ. We knoŵ
preserves the order of 2 k of P ′ and so does φ.
Proposition 2.5. Let E/Q be a minimal magnified elliptic curve with a fixed point P ∈ E(Q) having a (nonzero) odd-degree isogeny φ : E ′ → E from a minimal elliptic curve E ′ /Q satisfying φ(P ′ ) = P . For sufficiently large k, we actually have the following divisibility:
Proof. The proof of Lemma 2.4 essentially implies the result.
Definition 2.6. Let E/Q be an elliptic curve with a point P ∈ E(Q), denote
We define the height of a point h(P ) by using its x-coordinate:
Moreover, we define the canonical height of a pointĥ(P ) bŷ
Remark 2.7. Note that when we have
k for some k, we can also represent
. This observation will be useful in Section 3.2.
Along with the above Corollary, let's recall the following theorem from [1] . Theorem 2.8. Let E/Q be an elliptic curve with a fixed point P ∈ E(Q). Ifĥ(P ) denotes the canonical height of P , we get
Proof. The result follows directly from Defintion 1.2. See [1, Theorem 10].
Using Corollary 2.5 and Theorem 2.8 , we can prove the Primality conjecture for magnified elliptic Fermat numbers.
Theorem 2.9. Let E/Q be a minimal magnified elliptic curve with a fixed point P ∈ E(Q) having a (nonzero) odd-degree isogeny φ : E ′ → E from a minimal elliptic curve E ′ /Q satisfying φ(P ′ ) = P . Then the terms F k (E, P ) are composite for sufficiently large k.
Proof. Using Siegel's Theorem, we knoŵ
where m is the degree of the given isogeny φ. Therefore, for sufficiently large k, there is a prime divisor which is a proper divisor of F k (E, P ) by Theorem 2.8.
Example 2.10. We can see the divisibility of corresponding elliptic Fermat numbers using the following magnified elliptic divisibility sequence, which has a degree 3 isogeny φ that maps
Then we get the following factorizations, and we can check the divisibility of corresponding elliptic Fermat numbers. Before proving any results, we present an example of a sequence of generalized elliptic Fermat numbers generated by m = 3:
, 2) and m = 3. The first four generalized elliptic Fermat numbers are listed below.
0 (E, P ) = 1
1 (E, P ) = We will now prove the following "coprimality" theorem, which states that the gcd of any two generalized elliptic Fermat numbers generated by an odd integer m must divide m:
k (E, P )) k∈N be the sequence of generalized elliptic Fermat numbers for a fixed elliptic curve E, a rational point P ∈ E(Q) and an odd integer m ≥ 1. Then for all distinct k, ℓ ≥ 0,
The heart of the proof relies on the following lemma from [3] :
be a minimal EDS, let n ≥ 1, and let p be a prime satisfying p | D n .
(a) For all m ≥ 1 we have
(b) The inequality in (a) is strict,
if and only if p = 2, 2 | m, ord 2 (D n ) = 1 and (E has ordinary or multiplicative reduction at 2).
For our purposes, the conditions of (b) will never be met, since we are only working with odd m. Thus, we always have equality, i.e., if a prime p satisfies p | D n , then
We can apply Lemma 3.3 to generalized elliptic Fermat numbers in the following way:
Proof. Consider the case of Lemma 3.3 where
It immediately follows that
We now use Proposition 3.4 to prove Theorem 1.9. For simplicity, we will let F k (m) denote F k (m) (E, P ) whenever it appears in the rest of the paper.
Proof. Let p be prime, and suppose p | D m s−1 for some s ≥ 1. Let t be the smallest index for which p | D m t−1 , i.e., let t = min{s ≥ 1 :
Without loss of generality, we assume k < ℓ throughout the proof. Thus, for all distinct k, ℓ with ℓ > k ≥ t, we can use Proposition 3.4 in order to conclude that
Therefore, for each prime p that divides a term in {D n }, and for all distinct k, ℓ ≥ t, where t is the entry point of p, we have shown that
, and for all distinct k, ℓ with k < t − 1, we have the desired
When k = t − 1 and ℓ > k, we have 
It follows from Equations (2), (3), and (4) that for any distinct k, ℓ and any prime p,
Remark 3.5. The proof of Theorem 1.9 actually implies a more specific result than the theorem states. For once a prime p appears as a divisor of some
for all k ≥ t. Thus, if for example 3 | F t (15) (E, P ), then Theorem 1.9 only tells us that gcd(F k (15) , F ℓ (15) ) ∈ {1, 3, 5, 15} for all distinct k, ℓ ≥ t, but in actuality, we know that gcd(F k (15) , F ℓ (15) ) ∈ {3, 15} because 3 ∤ 1 and 3 ∤ 5. This is even stronger in the case where m = p a for some prime p, as stated in the proof of the corollary below.
(E, P )) k∈N be the sequence of generalized elliptic Fermat numbers for a fixed elliptic curve E, a rational point P ∈ E(Q) and an odd prime power p a . Then for all distinct k, ℓ ≥ 0,
Proof. The proof follows from (5).
Example 3.7. We factor the generalized elliptic Fermat sequence from Example 3.1:
1 (E, P ) =
2 (E, P ) = We see that gcd(F 0 (3) , F 1 (3) ) = 1, while gcd(F k (3) , F ℓ (3) ) = 3 for distinct 1 ≤ k, ℓ ≤ 3. In addition to proving the quasi-coprimality of elliptic Fermat numbers, the authors of [1] include a result connecting divisibility with order, which they call order universality. This property holds in full force for generalized elliptic Fermat numbers. In fact, the proofs are nearly the same as the proofs for the case where m = 2. k ) k∈N be the sequence of generalized elliptic Fermat numbers for a fixed elliptic curve E, a rational point P ∈ E(Q) and an odd integer m ≥ 1. Then for all N ∈ N satisfying gcd(N, 6∆(E)) = 1,
Proof. The proof is identical to that of Theorem 4 in [1] . Namely, we define a homomorphism φ : E(Q) → E(Z/NZ) that maps P → P mod (n), then use the fact that φ(
Proposition 3.13. Let E/Q be a minimal magnified elliptic curve with a fixed point P ∈ E(Q) having a (nonzero) degree d isogeny φ : E ′ → E from a minimal elliptic curve E ′ /Q satisfying φ(P ′ ) = P . For sufficiently large k, we actually have the following divisibility: For m relatively prime to d, F
k (E, P ). Example 3.14. We can see the divisibility of corresponding generalized elliptic Fermat numbers using the following magnified elliptic divisibility sequence, which has a degree 2 isogeny φ that maps E ′ : y 2 = x 3 + x 2 − 4x, with P ′ = [−2, 2] to E : y 2 = x 3 + x 2 + 16x + 16 with P = [0, 4], then we get following list of F
k (E ′ , P ′ ) and F
k (E, P ).
1 (E, P ) = 3 F
2 (E ′ , P ′ ) = 3 * 11 * 107 F
2 (E, P ) = 3 * 11 * 23 * 107 * 449 F
3 (E ′ , P ′ ) = 3 * 3240769000879427 F
3 (E, P ) = 3 * 114078700999 * 3240769000879427 * 46385324158085723 * 46385324158085723 * 927508107491526089159 . . . . . .
From Remark 2.7, we can also describe the growth of generalized elliptic Fermat numbers using the canonical height of P . Theorem 3.15. Let E/Q be an elliptic curve with a fixed point P ∈ E(Q). Denote byĥ(P ) the canonical height of P . For any m, we get Note that when m = 2, the result coincides with Theorem 2.8.
Theorem 3.16. Let E/Q be a minimal magnified elliptic curve with a fixed point P ∈ E(Q) having a (nonzero) degree d isogeny φ : E ′ → E from a minimal elliptic curve E ′ /Q satisfying φ(P ′ ) = P . For m relatively prime to d, F
k (E, P ) are composite for sufficiently large k.
